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Nonlinear Steady Incompressible Lifting-Surface
Analysis with Wake Roll-Up

Emil O. Suciu* and Luigi Morino¥
Boston University, Boston, Mass.

The problem of lifting surfaces in steady incompressible flow is considered. The problem is formulated in
terms of an integral equation relating the potential discontinuity A¢ on wing and wake to the normal derivative
of the potential (normal wash) on the lifting surface. The integral equation is approximated by a system of linear
algebraic equations obtained by dividing the surfaces into small quadrilateral elements and by assuming the
potential discontinuity and the normal wash to be constant within each element. The wake geometry is obtained
through iteration by satisfying the condition that the velocity be tangent to the surface of the wake and that A¢
be constant along the streamlines. Numerical results are in good agreement with existing ones.

Nomenclature
a, =base vectors
A =Eq. (12)
b =span
C = lift distribution coefficient ¢, —c,,
c =chord
D =doublet strength
Dy =value of D at centroid of element L,
l, =length of wake :
n =normal to X
N,, N, =number of elements in x, y directions
P = point of the surface L
P =control point, (X«, Y, Z4)
r =Eq. (2)
X, ,2 = space coordinates
U, = freestream velocity
V =velocity vector
Vik =Eq. (11)
o = angle of attack
z =surface of wing and wake
T = surface element
L, = surface of wake
P = velocity potential
¢ = perturbation velocity potential, /U, —x
o = values of ¢ at centroid of element I,
AR =aspect ratio
A¢ = ¢u - d)l'
Vo« =gradient in x4, ¥, 2« Space

I. Introduction

HIS paper deals with the analysis of the wake roll-up for
lifting surfaces. The ultimate goal of the present study is
the accurate evaluation of the effect of the wake roll-up on the
pressure distribution on interfering surfaces (such as wing and
tail) and/or complex aircraft configurations (such as the space
shuttle). Therefore the emphasis of the paper is on the roll-up
region of the wake (near-field wake), although the method is
applicable to the whole inviscid roll-up region.
The interest in the phenomenon of wake roll-up has been
renewed by the introduction, a few years ago, of the wide-
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body aircraft. The phenomenon has been the subject of both
experimental and theoretical investigations. An excellent sur-
vey of the work performed on the wake roll-up can be found
in- Ref. 1, where it is observed that most theoretical in-
vestigations deal with the problem of the far-field wake. In
such case the wake is accurately modeled as a two-
dimensional array of point vortices. A set of time-dependent
differential equations describe the motion of the vortices in
the Trefftz plane. The loading of the wing is assumed to be
known (usually elliptical) and not influenced by the roll-up
process. The solution of these equations was found to be un-
stable.? Some correction factors were introduced (see for
example the artificial viscosity method of Ref. 3), but, even
though the solution looks more ‘‘reasonable,’’ these factors
introduce other errors, the magnitude of which is difficult to
estimate. ! On the other hand, according to Ref. 1, relatively
little work is being done on the problem of interest here. Ef-
forts to include the effect of the roll-up of the wake on the lift
distribution are given in Refs. 4 and 5. However ‘‘a general
method for finding the complete wake is not yet available.”’!

The present paper introduces a conceptually new method
for analyzing the phenomenon of the wake roll-up. The
method is general and can be used to find the complete wake
and to evaluate the effect of the wake roll-up on the pressure
distribution, although the preliminary results presented to
validate the general method are limited to simple con-
figurations. In this method the wake is represented not as a
vortex array but as a sheet of doublets. The paper uses the
exact nonlinear three-dimensional integral formulation for
lifting-surfaces in steady, incompressible, inviscid,
irrotational flow, presented in Ref. 6. The formulation is
given in terms of the perturbation velocity potential. The
main advantage of the method is that by using a doublet sheet
(instead of an equivalent vortex sheet) the method may be
easily extended to steady and unsteady, subsonic and super-
sonic flows around complex aircraft configurations by using
the formulation of Refs. 7 and 8.

The exact nonlinear equations are approximated with a
discrete formulation based upon the finite-element technique.
The only approximations are numerical. No small-
perturbatign assumption is invoked. The surfaces of the wing
and of the wake (initially assumed flat) are divided into a
number of small quadrilateral surface elements with A¢ con-
stant within each element. The rolled-up wake is obtained
through a process of iteration.

II. Lifting-Surface Theory

For a lifting surface, the perturbation velocity potential is
given by the following integral expression (see for instance
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where L extends over the lifting surface and its wake, n is the
upper normal,

r=l(x-x)’+ -y’ +(z-2,)°1" @
(x, ¥, z are the coordinates of the point on £) and

. qbu _d)&‘
D_—47r (3)

(the subscripts # and ¢ stand for upper and lower surfaces,
respectively). The boundary condition on the lifting surface is
that the normal component of the velocity is zero. Formulated
in terms of the perturbation velocity potential, the boundary
condition becomes

9%

aﬂ:—i-n:—nX 4)

Using Eqgs. (4) and (1), the following integral equation for ¢
results

9 3’ 1
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where d¢/dn, (the subscript denotes the control point) is
known and given by Eq. (4).

The velocity is obtained by taking the gradient of Eq. (1).
The pressure distribution coefficient is obtained from Ber-
noulli’s Theorem. In particular, on the lifting surface, the lift
distribution coefficient is evaluated as®

=2+ Vo, +Vd) V(d,—d) (6)

Finally, on the wake the following conditions must be
satisfied: the velocity is tangent to the surface of the wake
(i.e., the wake is composed of streamlines) and D is constant
along the streamlines and equal to its value at the point of the
trailing edge from which the streamline emanates: the con-
dition that no pressure discontinuity exists across the wake is
automatically satisfied.

It should be emphasized that the preceding nonlinear for-
mulation is exact. In particular no small-perturbation as-
sumption is invoked in the boundary condition Eq. (4) or in
the expression for the lift distribution coefficient, Eq. (6), or
in the boundary conditions on the wake surface.

III. Numerical Formulation

Next consider the numerical formulation. The lifting sur-
face and the wake are divided into small surface elements o.
Assume that the value of D is constant within each element,
say equal to D, (unknown) at the centroid of the element g,.
If we impose that the boundary condition, Eq. (4), be satisfied
at the centroids P, of the surface elements o, the following
system of algebraic equations is obtained

[Aunl tDe}=1{Bs) )
with
ad
Bi=G) |, s, ®)
and .
3’ 1
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where for wing surface elements in contact with the wake o, is
equal to o, plus the wake strip emanating from o,, whereas
o; = 0, otherwise.

In view of the Kutta condition, in deriving Eq. (7), the
values of Dy, are approximated with the values of D at the
centroids of the elements adjacent to the trailing edge.

The velocity at any point P, the the field is obtained ac-
cording to

Vi=Usi+ Y, DiVi (10)
k
with
V —[V gg a(I)d ’] 11
w=1Vad) o an s 0k I (1
Note that, by definition,
Ape=ny,- Vi (12)

If the surface elements are approximated by quadrilateral
hyperboloidal elements passing through the four corner
points’ the integrals can be evaluated analytically,” as in-
dicated in Appendix A. The integral over the wake strip is also
evaluated by dividing the strip into quadrilateral hyper-
boloidal elements.

The iteration scheme used for obtaining the rolled-up wake
geometry is based on the condition that the wake streamlines
should be tangent to the velocity vector. Compute the doublet
strength distribution at the centroids of the elements. Then
calculate the velocity vector on the wake, at the corners of the
surface elements. Align segments of the wake streamlines with
the velocity vector evaluated at the upstream segment ex-
tremity. For example, consider two successive points along a
wake streamline, P; and P, ;. The position of the point P;;
is modified as follows

P,’+]:P,‘+AP (13)

where
AP=V, AP/ V] 14)

IAP! is the original distance between the points P; and P, ,
and V; is the velocity vector at P,. After the evaluation of the
velocity at one point of the wake, the geometry of the wake is
immediately modified before evaluating the velocity at the
next point. then the doublet strength distribution is calculated
again (there is a very small change from the preceding
distribution, due to the new wake geometry), then the wake
velocities and geometry are recalculated. The process is
repeated until the difference between successive wake
geometries becomes sufficiently small, thus indicating that
convergence is attained (or the fact that the wake streamlines
are indeed tangent to the velocity vector). In order to achieve
savings of computation time, the computer program im-
plementing the iteration scheme has some special features.
First, since A¢ changes very slightly from iteration to
iteration, it is evaluated only every fifth iteration. Second, if
the change in position of a point is less than 10 ~*c, the
evaluation is skipped for the next iteration at that point. A
final ‘‘complete’ iteration is included in order to verify that
convergence has been attained. Next consider the evaluation
of ¢, given by Eq. (6). The average velocity, V (¢, +¢,)/2 is
calculated by using Eqgs. (10) and (11): however, the con-
tribution of the surface element at which the coefficient is
calculated is skipped since that element contributes only to the
discontinuity on ¥. The term, V (¢, — ¢,), is calculated from
Dby using finite differences. ¢

1Vv. Numericél Results

The lifting surface formulation described in Section II was
incorporated in the computer program ILSA (Incompressible
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Lifting Surface Aerodynamics). All the results presented here
were obtained with this program and are for rectangular
lifting surfaces in steady incompressible flow.

The initially straight-wake geometry is automatically
generated. The lengths of the wake elements increase with the
distance from the wing trailing edge, following a quadratic
law. For all the results presented here the iterative scheme is
converged (typically after five iterations for the fifth figure).®
All the figures show results for the semispan of the wings,
with the center streamline being along the wing centerline and
the outer streamline starting at the wingtip. A number of
parameters define the type of the problem: ¢ is the chord and
bis the span of the wing, oriented along x and y, respectively;
N, and N, are the numbers of surface elements on the right-
hand side of the lifting surface in the x and y directions,
respectively; £, is the total length of the wake, not counting
the last element, which equals one hundred times ¢, N,, is the
number of wake elements (except for the last one), along the
x direction.

Figures [-3 present a convergence analysis for a rectangular
planar lifting surface of aspect ratio AR =8, at an angle of at-
tack o =5°. The parameters which affect the convergence are
the numbers of elements on the surface, N, and N, (in x and
y directions, respectively), the length ¢, of the wake (except
for the last long element) and the number N,, of elements on
the wake (except for the last one). The effect of N, on con-
vergence is negligible and N, =4 was found to be adequate to
give accurate results without excessive computer time. In ad-
dition, adding wake elements (and therefore increasing the
length ¢,) has almost no effect on the convergence of the
preceding wake elements. Therefore all the results in Figs. 1-3
are obtained with N,=4 and {,/c=16. Figures 1 and 2
present the effect of the number of elements on the wake. The
results are presented for N, =12, 16, and 20. Figure 1 pre-
sents the effect of N,, on the geometry of the center and outer
streamlines. [t can be seen that the center streamline is con-
verged in all cases; the convergence of the outer streamline
does not appear to be satisfactory. However, the convergence
appears more satisfactory from the way the same results are
presented in Fig. 2 which shows the cross section of the wake
geometry at four and nine chord lengths behind the trailing
edge. It is apparent from Fig. 2 that the solution is essentially
converged except for a small region near the outer streamline.
This problem is discussed in detail later. Next consider the ef-
fect of the number of surface elements along the y direction
(V,) on the convergence of the wake geometry. The cross sec-
tion of the wake at sixteen chord lengths behind the trailing
edge is shown in Fig. 3. The results are obtained for N, =4,

, =10, 15, 20, {,/c=16, and N, =16. The rate of con-
vergence is very high: N, =10 is very close to the converged
geometry of the wake.

Next consider the effects of the angle of attack and the
aspect ratio on the rolled-up wake geometry. The first is
shown in Fig. 4, for a rectangular planar lifting surface of
AR=8,N,=4,N,=10,£,/c=16, N,=16, at nine chord
lengths behind the trailing edge for angles of attack a=35°,

z/c
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Fig. 1 Convergence analysis: Effect of the number of wake elements
on the geometry of center and outer streamlines for a rectangular wing
of AR=8at o=5" (N,=4,N,=10,¢,/c=16, and N, =12, 16 and
20).
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10°, and 15°. The results for «=15° are mainly of academic
interest, since the flow is probably separated at such a high
angle of attack. The behavior of the wake is correct from a
qualitative point of view. It may be seen that the wake defor-
mation is more pronounced at higher angles of attack. This is
to be expected, since the load on the wing is higher at higher
angles of attack. The effect of the aspect ratio on the rolled-up

zf -
N,, =20
2 Ny =16 S
1 Ny=12
9 1

Fig. 2 Convergence analysis: effect of the number of wake elements
on the geometry of the wake cross section at (x—x7 z)/c=4 and 9 for

arectangular wing of AR=8ata=5°, N, =4,N, =10, {(,/c=16,
and NV, =12, 16 and 20).
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Fig. 3 Convergence analysis: effect on NV, on the geometry of the
wake cross section at (x—~x7. )/c=16 for a rectangular wing of AR
=8ata=5° (N,=4,N,=10,and 20,{,./c=16and N, =16).
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Fig. 4 Effect of the angle of attack on the wake cross section at
(x—x7z)/c=9 for a rectangular wing of AR=8 (N, =4, N, =10,
£,/c=16, N, =16).
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Fig. 5 Effect of the aspect ratio on the wake cross section at
(x—xr.g)/c/=9 for a rectangular wing at «=5° (N, =4, N, =10,
£,/c=16, N, =16).
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Fig. 6 Lift distribution coefficient at three stations along the
semispan for a rectangular wing of AR=8, at «=5" (N, =N, =17,
0, /¢=10.56, NV, =13).

— Method of Ref.3
Z/C5 -o- Present Method

L2 4 8 8w

OO

R S S

Fig. 7 Wake cross section at (x —x7 . )/c=9 and comparison with
the theoretical results of Ref. 3 for a rectangular wing of AR =8, at
a=6.25° (N, =4,N,=15,{,/¢=10.56,and N, =13).

wake geometry is shown in Fig. S, for rectangular planar lift-
ing surfaces of aspect ratio AR =4, 6, and 8. The angle of at-
tack is 5° for all three cases, N, =4, N, =10, {,/c=16, N,,
=16, and the wake cross sections are situated at nine chord
lengths behind the trailing edge. Note that the streamline ver-
tical displacement as well as the tip roll-up is more pro-
nounced for lower-aspect-ratio wings. This might be due to
the fact that the velocity induced by the tip vortices is larger in
lower-aspect-ratio wings than in higher-aspect-ratio wings
(for an infinite-aspect-ratio the induced velocity is zero).

Next consider the effect of the wake deformation on the
wing load. Figure 6 shows the lift distribution coefficient at
three stations along the wing-span for a rectangular planform
of AR=8at «=5° angle of attack, with N, =N, =7, N, =12,
£,/c¢=10. The calculated lift distribution coefficient is the
same (within plotting accuracy) whether the wake is flat or
rolled-up (converged), indicating very little wake effect on the
wing load. (It should be noted that the effect is expected to be
more pronounced for the wing-tail interference, which is one
of the ultimate goals of this work.)

Comparison with existing results are presented in Figs. 7-9.
Figure 7 presents the wake cross section at nine chord lengths
behind the trailing edge for a rectangular lifting surface of
aspect ratio AR =8, at angle of attack «=6.25°. The results
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Fig. 8 Wake cross section at (x—xr . J/c=4 and comparison with
the theoretical results of Ref. 10 for a rectangular wing of AR =6 at
a=10° (N, =4,N,=15,{,/c=10.56,and NV, = 13).
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Fig. 9 Location of the vortex centerline and comparison with the
results of Refs. 3 and 11 for a rectangular wing of AR=6, at o =12°
(Ny=4,N,=15,{,/c¢=10.56and NV, = 13).

are obtained with N, =4, N, =15, {,/c=10.56, N, =13 and
are compared to those of Ref. 3. Excellent agreement is ob-
served in the wing-tip region, while the displacement of the
rest of the streamlines is smaller with the present formulation.
The present method differs from the one of Ref. 3 because of
the inclusion of the effects of the wake deformation on wing
loading and the three-dimensionality of the wake geometry.
Since the first effect appears to be negligible (see Fig. 6), it
seems reasonable to assume that the difference represents the
effect the three-dimensionality of the wake geometry. Figure 8
presents the wake cross section at four chord lengths behind
the trailing edge for a rectangular lifting surface of aspect
ratio AR =6, at angle of attack «=10°. The results are ob-
tained with N,=4, N,=15, ¢,/c=10.56, N, =13 and are
compared with those of Ref. 10. The method of Ref. 10 is
similar to the present method. The discrepancies in the results
of Fig. 8 seem to be due to the fact that more streamlines are
used to obtain the present results, especially in the tip-vortex
region. A comparison with the results of Refs. 3 and 11 is
presented in Fig. 9 which shows the height of the vortex core
as a function of x for a rectangular planar lifting surface with
aspect ratio AR =6, and angle of attack o =12°. The present
results are obtained with N,=4, N,=10, {,/c=10.56, and
N, =13. In the method of Ref. 3, as well as in the present
method, the vortex core is graphically defined as the center of
the tip-vortex spiral while in the experiments of Ref. 11, the
vortex core position is defined as the set of points where
tangential velocity is zero. In Ref. 3, corrections of the results
of Ref. 11 are made, to account for the presence of the wind-
tunnel walls. The original and corrected data of Ref. 11 are
shown in Fig. 9. The comparison between present and ex-
perimental results shows that the tip vortex location obtained
with the present method is relatively close to the experimental
one, especially at two and four chord lengths behind the
trailing edge. (Note that the vertical scale is approximately
one hundred times larger than the horizontal one). Note that
the original and corrected experimental results bracket both
theoretical results shown in Fig. 9. Note also that in both
theoretical formulations, the wake emanates from the trailing
edge but not from the wing-tip, while in actuality the tip vor-
tex starts at the wing-tip. This is causing the difference bet-
ween theoretical and experimental results near the trailing
edge. The inclusion of the portion of the wake emanating
from the wing-tip is now underway. Note also that the method
of Ref. 3 is two-dimensional, and this is the possible cause of
discrepancy in the comparisons with the present method (as
already discussed in the description of the results of Fig. 7).



58 ) E.O. SUCIU AND L. MORINO

V. Discussion and Conclusions

An exact nonlinear integral formulation for lifting surfaces
in steady incompressible potential flows has been presented.
The formulation treats the wake as a doublet layer. This is a
considerable advantage because the wake roll-up procedure is
applicable to the general formulation of Refs. 7 and 8 for
complex aircraft configurations in steady and unsteady, sub-
sonic and supersonic flows. Applications to windmills and
helicopters are also under investigation.

The numerical procedure for the solution of the exact
nonlinear formulation is based upon the finite-element
technique and is embedded in the computer program ILSA.

The only approximations involved are numerical in nature,
No small-perturbation assumption has been invoked.
Therefore converged solutions may be considered as exact
solutions to the exact nonlinear formulation of the problem.
The analysis of convergence indicates that the solution con-
verges very rapidly except for the outer streamline. One
possible reason is that, at the wing tip, A¢ goes to zero like the
square root of the distance from the wing tip: therefore the
approximation of constant A¢ might be inappropriate for the
outer wake strip. Also the wake is assumed to emanate from
the trailing edge. Therefore an improvement is expected by in-
cluding the portion of the wake emanating from the wing tip.
These items deserve further analysis and are now under in-
vestigation.

The effects of the angle of attack and of the aspect ratio
have been presented. As mentioned previously the ultimate
goal of this work is the inclusion of the wake roll-up in the
computer program SOUSSA (Steady, Oscillatory and Un-
steady, Subsonic and Supersonic Aerodynamics, Ref. 12) for
complex aircraft configurations in steady and unsteady, sub-
sonic and supersonic flows. In particular, the wake roll-up is
expected to have pronounced effects on the wing-tail in-
terference. The wake-roll-up formulation for complex con-
figurations is presented in Ref, 13. Preliminary results on
wake roll-up for thick wings have been obtained. !*

Comparison with the results of Refs, 3, 10, and 11 in
dicates that the present results are in good agreement with
existing ones. The method is also relatively fast. For instance
for the problem of Fig. 6, the solution obtained with ILSA
converges (to the fifth figure) in five iterations and requires
eight minutes and sixteen seconds on the IBM 370/145 of the
Boston University Computing Center. Additional features to
accelerate the iteration scheme (such as partial sweeping of the
iteration of the wake) are now under consideration.

In conclusion a method for the wake roll-up for lifting sur-
faces in steady incompressible flows has been developed. The
method may be extended to flow analysis around complex
configurations in subsonic and supersonic flows as well.
Numerical results and comparison with existing ones indicate
that the method is not only general and simple, but also ac-
curate and fast.

Appendix A

All the integrals given in the main body of the paper are
evaluated by assuming that the surface elements are
quadrilateral and are approximated by a hyperboloidal
element introduced in Ref. 7, i.e., by the portion of the hyper-
boloidal paraboloid

P=Py+E(P; 4P, + P (A1)
limftedby
—I=<t=<li
—I=y=I (A2)

Introducing the base vectors

a, =3Pt =P, +1P;
a,=0P/on=P,+EP; (A3)

AIAA JOURNAL

the normal is given by
n=a,xa,/la, xa,! (A4)
whereas the surface element is given by
do= la; xa,ldédy (A5)
Thus, the integral in Eq. (11) is given by

1 1
=) | remag an (A6)
where
f=v i(1) la, xa,! (A7)
*on r
with
r=I1P-P,l (AB)
Note that, since (Ref. 9)
3°’F
fGn) = atam (A9)

where
F=§ (r-a;rxa,/lrxa,?—r-a;rxa;/rxa;1?) (A10)
then
1=F(1,1)~F(1,—i)—F(—1,1)+F(—1,—1) (All)

Note that 4, (see Eq. 8) is evaluated by using Eq. (12).

Finally note that the integral over the wake strip is
evaluated by approximating the infinite strip with a finite
number of quadrilateral hyperboloidal elements, the last of
which is one hundred times ¢, and parallel to the undisturbed
flow.
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